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Analysis and prediction of the response of composite laminates to 
external loads are essential for the design of composite structures. This 
in turn requires a precise knowledge of their mechanical properties 
including their constitutive behavior. It is reasonable to assume that, 
in the bulk, the overall behavior of unidirectional graphite/epoxy 
composites is the same as that of a homogeneous, transversely isotropic 
material with its symmetry axis along the fiber direction. Then the 
linear elastic response of the material can be described by means of five 
elastic constants. If the values of these constants can be determined, 
then the stress analysis of a laminate with a given number and stacking 
order of the laminae can, in principle, be carried out. However, the 
measurement of the elastic constants by conventional, destructive 
techniques is difficult and often, inaccurate. Thus, the availability of 
alternative, preferably nondestructive methods, for the determination of 
the elastic costant:s of the material ,.muld be extremely helpful. 
We describe an ultrasonic technique for the determination of the 
dynamic elastic moduli of fiber-reinforced composites through the analysis 
of guided wave speeds in laboratory specimens in the form of laminates. 
The wave speeds are measured by means of the leaky Lamb wave (LLW) 
technique. A functional relationship, called the dispersion equation, 
between the guided wave speed in the laminate, frequency and the dynamic 
elastic moduli of the material is derived through the use of a recently 
developed theoretical procedure. For a given set of data, the 
relationship is inverted by means of a systematic scheme to obtain the 
elastic constants of the material. 
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The details of the theoretical technique can be found in [1] for the 
general multilayered laminate; an alternative method has been described in 
[2]. A brief outline of the theory for a unidirectional laminate is 
presented in the next section. The details of the experimental procedure 
can be found in [3] and several other earli~r papers and will not be 
repeated here; a brief description of the experimental setup is given in a 
later section. The inversion scheme is based on the so-called SIMPLEX 
algorithm, the details of which can be found in [4, 5]. Result of 
inversion are presented in the last section. 
THE DISPERSION FUNCTION 
In order to illustrate the general features of the theory, we 
consider a unidirectional laminate of thickness 2h immersed in water and 
insonified by a plane time harmonic acoustic wave of angular frequency w 
and incident angle 9. We introduce a local Cartesian coordinate system 
{x1 } with the x1 axis parallel to the fibers and the x3 axis normal to the 
laminate surface. The projection of incident acoustic ray on the x1x2 plane 
is assumed to be inclined at an angle ~ to the fibers. 
We suppress the common time factor exp (-iwt) from all field variables 
and denote the stress and strain components by their engineering notations 
{u1 } and {E 1 } respectively, where i,j take on the values 1 through 6. Then 
the overall stress-strain law of the material may be expressed in the form 
(1) 
where [C1j] is the stiffness matrix with five independent components, 
namely, C11 , C22 , C12 , C44 and C55 • The density of the material is denoted 
by p. 
If the dispersion and dissipation of the waves due to multiple 
scattering from the fibers and other effects can be ignored, then the 
stiffness constants are real and independent of frequency; i.e., they are 
the overall static elastic constants of the material. On the other hand, 
if these effects are significant, then the constants should be complex and 
frequency dependent. The precise nature of this dependence is not known 
at present. From our knowledge of the behavior of isotropic solids, we 
propose the following form of the stiffness constants 
Cn en [1 ip(cn/css>-\1 
C22 C22 [1 ip ( c22/css> -\] 
C12 + Css - (cl2 + css> [1 - ip(l + cl2/css)-\] 
C44 C44 [1 ip(c44/css)-\] 
Css Css [1 ip] 
where [c1j] is the real stiffness matrix of the material and the 
dimensionless, but frequency dependent constant p determines the 
dissipative property of the composite. We further assume that p can be 
expressed in the following simple form [6] 
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(2) 
(3) 
where f (- w/2~) is the frequency in MHz, f 0 is a specific frequency and 
H(f) is the step function. The dimensionless constants p0 , a0 determine 
the degree of decay in the amplitude of the waves with propagation 
distance due to material dissipation and wave scattering, respectively. It 
should be noted that the attenuation in the medium increases with p. 
The solution of the boundary-value problem associated with free Lamb 
waves in the plate can be obtained through available techniques [1-3]. 
Let v denote the phase velocity of the waves of frequency f propagating at 
angle ~ to the fibers. Then, as in the isotropic case, the Lamb waves in 
the homogeneous plate can be decomposed into symmetric and antisymmetric 
modes. The dispersion equation for the symmetric mode can be expressed in 
the form 
~1cos(l 1h)sin(l 2h)sin(l 3h) + ~2sin(l 1h)cos(\2h)sin(\ 3h) 
+ ~3sin(l 1h)sin(l 2h)cos(\ 3h) - 0 
where 
(4) 
and the other symbols have been defined in [1]. For propagation parallel 
or perpendicular to the fibers, the pure SH component of the motion needs 
to be eliminated from (4), since they are not generated in the LLW 
experiment; the details of this are omitted for brevity. The dispersion 
equations for the antisymmetric modes are obtained by interchanging the 
'sin' and 'cos' functions in (4). 
THE LEAKY LAMB VAVE EXPERIMENT 
The leaky Lamb wave experiment is based on an oblique insonification 
of the test specimen which is fully immersed in water in a pitch-catch 
setup. In the present case, a number of flat, broadband transducers with 
0.5, 1, 2.25, 5 and 10 MHz center frequencies we:te used to record the LLW 
field in the frequency range of 0.20 through 18.0 MHz. Tone-bust signals 
of sufficiently long duration to establish a steady-state condition in the 
specimen were induced by means of a function generator. The signals were 
amplified by an amplifier and a receiver. At a specific angle of 
incidence, the amplitudes of the reflected waves were recorded as 
functions of frequency and were averaged and digitized with the aid of a 
box-car gated integrator. For a given angle of incidence, the minima, or 
"nulls" in the reflection amplitude spectrum are found to occur at a 
number of discrete frequencies, fi, i = 1, 2 ... n, and the phase velocity 
of the leaky guided waves, v in the ith mode is related to the angle of 
incidence through Snell's law. Thus the leaky Lamb wave experiment 
provides a convenient means to determine the phase velocity of leaky Lamb 
waves accurately as a function of frequency. 
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THE INVERSION PROBLEM 
The inversion technique is motivated by the fact that the data 
obtained in the LLW experiment is strongly dependent upon the various 
material properties of the specimen which can, in principle, be determined 
from a careful analysis of the data. Clearly, the success of the 
technique depends upon the availability of a theoretical relationship 
between the minima of the reflection coefficients and the material 
properties. Solution of the direct problem, namely, calculation of the 
reflection coefficients, and specifically their minima for a given model 
of the specimen has been given in [1-3]. The reflection coefficient 
R(f, 8) is obtained as the solution of a system of linear algebraic 
equations whose coefficients depend upon the frequency, f, incident angle, 
8 and the material properties of the specimen. In order to obtain the 
modal frequency, f 1 for a given 8, the locations of the minima in the 
spectra of R need to be determined. However, these locations cannot be 
described analytically, so that it is difficult if not impossible to 
construct an appropriate functional for optimization. 
On the other hand, the dispersion equation for guided waves in the 
specimen can be obtained from the matrix method in explicit form as, 
(5) 
The dispersion curves are obtained by solving the equations either for 
v(f) or for f(v). Thus, for the traction free case, the dispersion 
function G(v,f) can be chosen as the functional to be minimized for 
optimum choice of v(f) or f(v) consistent with a selected set of data. It 
has been shown earlier [7] that at higher velocities (above 2.5 Km/sec), 
the minima of the reflection coefficients, in presence of dissipation, and 
the real roots of the dispersion equation (5) give rise to the same 
dispersion curves. In other words, the phase velocity of the free Lamb 
waves in the plate (in absence of water and material dissipation) is very 
nearly equal to that of leaky Lamb waves in presence of water loading and 
material dissipation in this velocity range. It is much easier to 
calculate the real roots of the dispersion equation than to obtain the 
minima of the reflection coefficient spectra at different angles of 
incidence. In the present study, the dispersion function, G(f,v) was used 
in the inversion of a subset of data (for v > 3.5 mmjpsec) to determine 
c 1j. The damping constant can not be determined from the inversion of 
dispersion data alone. It was found that the values Po ~ 0.01, a0 ~ 0.45 
and f 0 ~ 1 MHz in equation (3) are consistent with amplitude data. These 
values were used for the calculation of reflection coefficients at lower 
velocities in the present study. 
The essential task in the inversion problem is to determine a set of 
parameters (c11 ,c12 ,c22 ,c23 ,c55 ) which corresponds to the smallest sum of the 
residuals, SSR, defined as 
SSR 
n L wi G/ Gi 
i~l 
(6) 
where G1 - G( f 1 ,v1 , c 11 ,c12 ,c22 ,c23 ,c55), (f1 , v1 ) being the ith experimental 
data in the v - f space, G1* is the complex conjugate of G1 and W1 is a 
statistical weight assigned to each data point. In the present analysis W1 
is taken as 1. As mentioned earlier, the SIMPLEX method [4, 5] was used 
for the numerical solution of the nonlinear inversion problem stated 
above. 
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NUMERICAL RESULTS 
A computer program has been developed and tested extensively by 
processing simulated guided wave data from theoretical calculations with 
known parameters. The program has been applied to LLW data from a 
unidirectional fiber-reinforced graphite/epoxy composite plate of 
thickness 1 mm with its fibers oriented at 0°, 45° and 90° to the direction 
of guided wave propagation. It has been shown earlier [3] that the 
theoretically calculated dispersion curves deviate from the measured data 
consistently at higher frequencies and the discrepancy is larger than the 
expected experimental errors. This suggests two possibilities; one is 
that the material properties of the composite is different from that used 
earlier [3] and the other is that they are functions of frequency. The 
inversion scheme was used to study these possibilities. 
First, the material properties were obtained under the assumption that 
they are independent of frequency, using all the experimental points with 
velocities higher than 3.5 mmjpsec. Data at lower velocities are not 
suitable for inversion as they are too close to each other for modal 
separation. In addition, the influence of water is significant at lower 
velocities and water loading has been ignored in the inversion scheme. The 
theoretical dispersion curves using these properties (solid lines) along 
with experimental "dispersion" (0) data are shown in the left panel of 
Fig. 1. The theoretical "dispersion" curves were obtained by calculating 
the minima of the reflection coefficients in a process similar to the 
experimental technique. Agreement between the theoretical and 
experimental results using material properties determined from inversion 
can be seen to be excellent. 
As an alternative, dispersion data at 0° orientation were inverted 
branch by branch to determine the frequency dependence of the material 
properties; the results are shown in Table 1. At low frequencies, the 
material properties are identical to the static properties [3] of the 
composite, while at higher frequencies they are close to those obtained 
from overall inversion. These properties also result in a very good fit 
between theoretical and experimental results. The variation of c 11 in all 
cases has been found to be less than the expected experimental error of 
about three percent while the variations in the other elastic constants 
are somewhat higher. This suggests that c 11 may indeed be independent of 
frequency. 
A thicker (3.86 mm) unidirectional graphite/epoxy composite was also 
subjected to the same study. At higher frequencies, the drift in the 
measured dispersion data from the theoretical results using static 
material properties was found to be more pronounced than that in the case 
of a thin plate. This is due, in part, to the higher frequency times 
thickness value for the thick composite. The material properties 
obtained from global inversion still yield good agreement between the 
calculated and measured "dispersion" curves. However, at low frequencies 
and low velocities, the experimental points deviate from the dispersion 
curves. A much better fit was obtained by using static material 
properties upto 4 MHz and material properties obtained from global 
inversion between 4- 8 MHz (right column of Fig.l). This strongly 
suggests that the elastic moduli of the composite are frequency dependent 
at higher frequencies. 
Finally, a [0/90] 25 cross-ply laminate of thickness 1.07 mm was 
considered for study. The left column of Fig. 2 shows the measured and 
calculated dispersion curves using the material properties obtained from 
global inversion, under the assumption that the interfaces between the 
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Figure 1. Minima of the spectral amplitude of reflection coefficients for 
graphite/epoxy plate with fibers oriented at o•, 45° and 90° to 
propagation direction. Solid lines represent theoretical minima 
of the reflection coefficients and "0" are the measured minima. 
Left panel is for a 1 mm thick [0] 8 plate and right panel for a 
3.87 mm thick [Olz4 plate 
Table 1. Frequency Dependent Material Properties of UD-ply 
Frequency ell clz Czz czJ C55 
MHz GPa GPa GPa GPa GPa 
0.0 4.0 160.73 6.44 13.92 6.92 7.07 
4.0 8.0 162.07 7.33 14.48 7.23 7.28 
8.0 14.0 162.73 7 . 35 14.53 7.25 7.98 
14.0 18.0 162.07 7.33 14.48 7.23 7.28 
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individual laminae are firmly bonded and are of zero thickness. It can be 
seen that there is considerable discrepancy between the two sets of values 
in the entire frequency range. The disagreement can be attributed to the 
fact that the matrix rich layers between individual plies have not been 
explicitly modeled in the calculations. 
To ascertain the effect of the matrix rich layers, they were included 
in the theoretical model and the inversion process was repeated under the 
assumption that: the thickness, density and 1:he P and S wave velocities of 
the interface zone were the unknmvn parameteJ:s. The thickness of the 
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Figure 2. Same as Fig. 1 for a 1.01 mm thick graphite/epoxy (0/90] 25 
cross-ply laminatto. Left panel is for laminate without any 
interface layer and right panel is for the same laminate with 
interface zone. 
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interfacial layers was found to be 7.5 ~m, resulting in the lamina 
thickness of about 127 ~m. The density and wave speeds in the interface 
zone were found to be, p- 1.2 gm/cc, a- 2.1 mm/~sec, P- 0.95 mm/~sec. 
The resulting dispersion curves are shown in the right column of Fig. 2. 
The agreement can be seen to have improved. 
CONCLUDING REMARKS 
For the three specimens considered in this study, the overall elastic 
moduli of the unidirectional graphite/epoxy composite obtained through 
inversion of LLW data show no dependence on frequency for up to about 4 
MHz. The velocity of the guided waves produced in the specimen is 2 
mm/~sec or higher, so that the wavelength at 4 HHz is 500 ~m. which is 
much larger than the fiber diameter (z 7 ~m). Thus it is reasonable that 
the frequency dependence of the moduli are negligible in this frequency 
range. At higher frequencies, there is a small but detectable frequency 
dependence of the moduli. For the cross-ply laminate, the thickness of the 
interlaminar interface zone has been determined from inversion to be 
7.5 #m, or slightly larger than the fiber diameter. The values of the 
density and the overall elastic moduli of the zone are close to those of 
epoxy in bulk. The thickness of the individual laminae is slightly larger 
than their original thickness of 125 #m. The agreement between the 
measured and calculated minima of the reflection spectra is good up to 
about 6 MHz, but deteriorates at higher frequencies. This is due to the 
fact that at higher frequencies the possibility of misidentification of 
modes in the data can not be ruled out. 
Finally, it should be recognized that a number of other research 
groups are currently engaged in developing ultrasonic techniques for 
material characterization and damage assessment of composites [8-11]. 
It is hoped that these and other related efforts would lead to improved 
quantitative results in the near future. 
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